Background: Nanoparticles can be used in biomedical applications, such as contrast agents for magnetic resonance imaging, in tumor therapy or against cardiovascular diseases. Single-domain nanoparticles dissipate heat through susceptibility losses in two modes: Néel relaxation and Brownian relaxation.
Introduction
Magnetic nanoparticles are important for applications in biomedicine, in particular for hyperthermia-based treatments. Recent medical researches show that the heat generation of iron oxide nanoparticles in an alternating magnetic field activates an immune system response to tumors [1] . In magnetic nanoparticle systems for hyperthermia applications, one major issue is to control the parameters of the system, particularly the specific loss power (SLP). SLP is defined as the electromagnetic power lost per nanofluid mass unit. SLP is expressed in watts per kilogram. Recent researches show that the heating process through hyperthermia with magnetic nanoparticles is strongly affected by the choice of some parameters such as the amplitude and the frequency of the external magnetic field [1, 2] . Typical parameters of AC magnetic fields are frequencies between 100 and 500 kHz with amplitudes ≤30 kA/m [2, 3] . A recent investigation in humans resulted in an upper limit of 4.85·10 8 Am −1 s −1 for the product of frequency and field strength per one hour of treatment [4] . The influence of the nanoparticle concentration is implicitly related to the magnetic dipolar interactions among the nanoparticles. In order to select an assembly of magnetic nanoparticles suitable for use in hyperthermia, it is of interest to establish the conditions providing a sufficiently high SLP in an alternating external magnetic field of moderate amplitude H ext and frequency f [5] . The latest researches suggest that the so-called "hard-magnetic nanoparticles" are a more reliable basis for practical magnetic hyperthermia than small nanoparticles [6] . Usually, the magnetite nanoparticles used in hyperthermia have a diameter above 53 nm but below the diameter above which objects are no more considered to be "nano" (100 or 200 nm, according to the bibliographic sources). Actually, magnetite is considered the most favourable material in magnetic hyperthermia. At about 30 nm particle diameter the behaviour of magnetite nanoparticles changes from singledomain to multi-domain state [7] , representing the critical dimension of magnetite-based nanoparticles. The tendency for agglomeration and sedimentation increases considerably with the transition from small nanoparticles to stable ferromagnetic single domain [4] . This leads to clogging of blood vessels. The displacement of the domain wall causes the reversal of the magnetization direction in multi-domain nanoparticles. In a single-domain nanoparticle, it is possible to see how the energy barriers, expressed as a function of the domain wall movement, are relatively small if compared with the reversal of the complete magnetic moment. Thus, multi-domain nanoparticles are magnetically "softer" than single-domain nanoparticles. Consequently, multi-domain nanoparticles exhibit a lower hysteresis loss than single-domain nanoparticles [4] . For both theoretical and experimental researches in this field, choosing the right parameters of superparamagnetic nanoparticle systems to control magnetic hyperthermia is an important task [3, [8] [9] [10] [11] [12] [13] [14] [15] .
It is well known that the magnetic monodomain nanoparticles exhibit unstable behaviour of their magnetic moments due to the thermal agitation, i.e., the magnetic moment of the nanoparticle can randomly change direction under the influence of temperature. This is called superparamagnetic behaviour [15] . The typical time between two flips is called relaxation time, and the reversal process is called relaxation process. In nanofluids, the superparamagnetic nanoparticles have two associated relaxation processes: the Néel relaxation process and Brownian relaxation process. The former is a solid-state mechanism that occurs within the nanoparticle. It corresponds to a switching of the magnetic moment between two equilibrium positions. The latter is due to the physical rotation of nanoparticle within the colloidal solution. Changing in orientation of the magnetic moment of a nanoparticle causes changes in the orientation of its magnetization [16] .
At the limit between hysteretic and superparamagnetic regime, under biomedical conditions of amplitude and frequency of the external magnetic field, susceptibility losses in magnetic colloids can be described by linear response theory (LRT) [3] . Original LRT has been applied to a non-interacting system of nanoparticles close to equilibrium in low and variable applied magnetic fields. LRT offers a relationship between the volumetric loss power of ferrofluids and their magnetic relaxation [3] : (1) where f and H 0,ext are the frequency and magnitude of the applied field, respectively, μ 0 is the magnetic permeability of free space, τ eff is the average effective magnetic relaxation time of the nanoparticle system, and χ 0 is the equilibrium average magnetic susceptibility of the nanoparticle assembly [3, 9] :
In Equation 2, r V is the volume fraction of the nanoparticles, with: (3) with V m being the average volume of nanoparticles. k B the Boltzmann constant and T the temperature. The SLP describing the power per gram achievable in the magnetic material is given by: (4) with (5) In Equation 4 , ρ is the nanoparticle material density and κ is given by Equation 3. Equation 4 shows that SLP is a function of effective relaxation time, frequency and amplitude of the applied field. The effective relaxation time can be described as [2] : (6) where is the Néel relaxation time and is the Brownian relaxation time. For spherical particles, Brownian relaxation time is usually described by [2] : (7) where V ih is the hydrodynamic volume and η is the coefficient of dynamic viscosity. Generally, the two processes are studied separately [2] . The relaxation process dominating the magnetic behaviour of the colloidal suspension is determined by the nanoparticle properties [16] .
Interacting colloidal magnetic nanoparticles
Single-domain nanoparticles have uniform magnetization state, regardless of the applied field. The magnetic moment can be formulated according to [14] : (8) where M s is the spontaneous magnetization, V i is the particle volume and is the versor of the magnetic moments [16] . The contribution of the local magnetic field H loc on each particle increases with the concentration of nanoparticles. H loc results from a vectorial sum between the applied external magnetic field (H ext ) and the internal dipolar magnetic field H id . The latter is given by the magnetic dipolar interactions among the nanoparticles:
The magnetic moments of the i-th and j-th nanoparticle can be indicated with μ i and μ j , respectively, both with uniaxial anisotropy. Since nanoparticle i has a dipole-dipole magnetostatic interaction with all the other nanoparticles, the magnetic dipolar energy of the nanoparticle i and the local dipolar magnetic field acting on the nanoparticle i can be expressed as follows [17, 18] : (10) (11) where r ij is the distance between the centres of those two nanoparticles, is the unit vector of the direction that connects the nanoparticles i and j, and are the unit vectors of the magnetic moments of the nanoparticles i and j, respectively, and μ 0 is the magnetic permeability of vacuum.
Due to clinical limitations on the amplitude of the external magnetic field H ext [4, 6, 10] , the anisotropy axes of the spherical nanoparticles are not perfectly aligned to the external magnetic field. Due to the internal dipolar magnetic field, a local magnetic field appears in nanoparticle according to Equation 9. This local magnetic field is, in general, not oriented along the anisotropy axis of each particle. For handling this situation, we adapted the Coffey analytical model [12] to the local magnetic fields according to Equations 9-11. Further descriptions are given in the following section.
Néel relaxation time with the approximation of discrete orientation model
Usually, the thermal relaxation of nanoparticles subjected to an applied field is studied by the discrete orientations model of the magnetic moments [12, 15] . In this model, we may assume that the magnetic moments μ i are constrained to stable orientations along the local minimum of free energy, when the energy barriers are large in comparison with k B T. Due to thermal fluctuations, the time behaviour of μ i is handled as a discrete Markov process, with n i (i.e., the number of particles in i-th orientation (i = 1, 2)) replacing the continuous distribution of orientation. For a large number n of nanoparticles, n i changes with time according to the following master equation [12, 15] : (12) where P 1i (t) is the probability of finding particles in the state 1 at the time t, and P 2i (t) is the probability of finding particles in the state 2 at the time t. We denote the probability of transition, in units of time, from the state 1 to the state 2 with , passing through the maximum. Moreover, let be the probability of transition, in time unit, from the state 2 to the state 1, passing through the maximum. The normalisation condition is P 1i (t) + P 2i (t) = 1. In Equation 12, Here, 1/τ 0 is the attempt frequency of magnetic reversal, considered constant with the value of 10 9 s −1 [12, 15] . Finally, consider the following relation: (13) where represents the Néel relaxation time for the particle i and , are the normalized energy barriers (over k B T) for the reorientation of the i-th magnetic moments. The Brownian relaxation time is given by Equation 7 , and the effective relaxation time is given by Equation 6.
The problem of determining energy barriers in the systems with interactions is quite complex. Generally, in 3D space, the normalized (over k B T) free energy of the i-th spherical nanoparticle, subject to a local magnetic field [13] , is: (14) where
, and K i,eff is the effective anisotropy constant of the i-th nanoparticle. Moreover, is the unit vector in the direction of magnetic moment of the i-th nanoparticle, is the unit vector of the easy anisotropy axis of the i-th nanoparticle, and is the unit vector in the direction of the local magnetic field acting on the i-th nanoparticle.
Without losing the generality of the problem, it is possible to consider a magnetic field acting onto the x-z plane. Considering Equation 14 , the normalized free energy of an i-th nanoparticle subject to a local magnetic field H i applied with an angle ψ i to the easy axis is given by:
The polar axis is the easy anisotropy axis of the i-th nanoparticle, ψ i is the angle between H i and the easy anisotropy axis of the i-th nanoparticle.
The stationary points of the normalized (over k B T) potential energy occur for and . The stationary point for corresponds to a maximum of in Equation 15 and, therefore, it is not of our interest [12] . The stationary point at correspond to a saddle point of at θ 0i , and two minima at θ 1i and θ 2i for h i < h ic . Here, h ic is the critical value of h at which the normalized potential of Equation 15 loses its bistable behaviour [12] . In case of ψ i = 0, the magnetic moment of a given nanoparticle i can be in one of the two equilibrium states, with minimum energies determined by θ i1 = 0 and θ i2 = π. These minima are separated by the maximum. The normalized energy barriers for these re-orientations are: (16) (17) with
For other ψ i values, it is possible to use the Pfeiffer approximation [12, 19] and the lower normalized energy barrier, in accordance with the following approximation: (19) where αψ i = 0.86 + 1.14gψ i and h ic = (cos 2/3 ψ i + sin 2/3 ψ i ) −3/2 .
Adapted Coffey model for the Néel relaxation time of nanoparticles under oblique local magnetic fields
The original Coffey analytical model has been developed for Néel relaxation times under an oblique external magnetic field applied on a system of non-interacting nanoparticles [12, 13] . Its analytical calculation is based on the Kramer theory [20] and is in agreement with the numerical calculation and experimental results [21] . This calculation shows the dependence of the relaxation time on the magnetic damping constant α. For the case of most ferromagnetic and ferrimagnetic nanoparticle systems, the magnetic damping constant α exhibits low values (α << 1) [22] . In this section, we adapt the Coffey analytical model according to Equations 9-11. Under these conditions, the time relaxation relation, in case of an oblique magnetic field, is [12] : (20) With being the free diffusion magnetization time at low damping constants (α << 1) [12] : (21) In Equation 21γ is the gyromagnetic ratio. 
with and
Numerical simulations
We considered a system with spherical nanoparticles made of uncoated magnetite, with the following characteristics: density ρ = 5180 kg/m 3 [3] ; saturation magnetization M s = 4.46·10 5 A/ m [3] ; uniaxial magnetic anisotropy with anisotropy constant K eff = 25·10 3 J/m 3 [3] ; random orientation of the anisotropy axis or anisotropy axis parallel with external magnetic field. We used an aqueous basic solution with a dynamic viscosity of 8.9·10 −4 Pa·s, at the temperature T = 293 K. We applied a sinusoidal external magnetic field with an amplitude equal to 15 kA/m, at a frequency f = 300 kHz, typical for magnetic hyperthermia applications [10] . We point out that the model can be extended easily to the case of coated nanoparticles.
In terms of the arrangement of nanoparticles in three-dimensional space, we analysed two cases: a system with 1000 nanoparticles uniformly and randomly distributed, and a clustered subsystem of nanoparticles. We considered the case of cluster forming because nanoparticles aggregate and form clusters in real-world specimens. Simulated clusters contain 50 nanoparticles with random local distribution. We defined the local volume fraction r V,loc , i.e., the volume fraction of nanoparticles in the cluster. The global volume fraction r V is the volume fraction in the simulated specimen. In case of uniformly and randomly distributed particles, or the clustered subsystem, the nanoparticles have been located within a body-centered cubic lattice. Considering each lattice unit cell, the possible spatial locations where to place nanoparticles are the vertexes and the centre of each face of the lattice unit cell. We randomly selected suitable locations among all these possible positions, according to the ratio between the total volumes of nanoparticles and the whole volume of the cubic simulation box, i.e., the so-called volume fraction. Here, we applied periodic boundary conditions to our model, on each spatial direction [16] . The dipolar local magnetic field acting on the i-th nanoparticle is calculated with the Ewald summation method [23] . We inspected the case of random orientations of anisotropy axes as well as easy axes parallel to the external magnetic field. In both cases, we calculated τ N and τ eff with models described in the two previous sections. SPL is calculated with LRT theory [3] , through the average effective relaxation time of interacting system.
In our figures, we used the following legend for our results: i) Results retrieved by the discrete orientation model are labelled as "with approximation-random" or "with approximation-parallel". ii) Results obtained by the analytical Coffey model are labelled as "with analytical calculation-random" or "with analytical calculation-parallel". In case of systems with uniform distribution of nanoparticles, SLP is calculated with Equaiton Equation 4 . For local studies of clusters, we calculated SLP as a function of the volume fraction by the relation:
It should be noted that the volume fraction is a measure of the concentration of the nanoparticles within the colloidal solution.
It is given by the ratio of the volume occupied by nanoparticles over the total volume of the solution. This means that the higher the volume fraction, the higher the concentration of the nanoparticles inside the solution. We extended this concept to clusters of nanoparticles, too.
Results and Discussion
In this work, we considered monodisperse systems of nanoparticles, with diameters of 7 nm and 17 nm and a constant anisotropy, and we simulated for various nanoparticle volume fractions ranging between 0.01 and 0.24. But the model can easily be extended to nanoparticle systems with constant size and anisotropy distributions.
We calculated the average τ N ( Figure 1 and Figure 2 ) by using the classical model from Equation 13 as well as the adapted Coffey analytical model from Equation 20 . We carried out our calculations in case of randomly oriented anisotropy axes as well as with anisotropy axes parallel to the external magnetic field. In Equation 20 , we used the pre-exponential factor τ 0 = 10 −9 s. Moreover, we simulated the trend of SLP respect to the global (Figure 3 ) and the local (Figure 4 ) volume fraction. For these latter studies, we have maintained the same peak value of the applied sinusoidal external magnetic field at 15 kA/m, fixing the frequency at 300 kHz, typical for magnetic hyperthermia applications [10] . Results obtained by the discrete orientation model are marked in figures by "with approximation" and results obtained by adapted Coffey analytical model by "with analytical calculation".
The dependence of the average τ N and τ eff on the volume fraction shows that they are higher in the discrete orientation model than in the adapted Coffey analytical model, at small concentrations of nanoparticles, when the particle diameter is 7 nm (Figure 1 ). This is even more the case when the nanoparticle diameter is 17 nm (Figure 2 ). As the concentration of nanoparticles increases, the difference between the approximate and analytical results decreases. In both cases, the Néel and the effective relaxation times decrease with increasing concentration. This behaviour is confirmed by the scientific literature, in theoretical as well as experimental works [7, 10, 21, 24] . This is because the local magnetic field increases and energy barriers decrease as the concentration increases ( Figure 5 ). Note also that the orientation of the anisotropy axes affects relaxation times. In the case of a random orientation, relaxation times are higher than in the case of parallel orientation. This effect is becoming more pronounced with increasing concentration of the nanoparticles. In Figure 1 and Figure 2 , we can see that τ N and τ eff are strongly affected by the size of nanoparti- cles, i.e., they strongly increase with increasing nanoparticle diameters.
With regard to the dependence of the SLP (calculated by the LRT with Equation 4 for a system of nanoparticles and with Equation 29 for clusters) we note the following: In case of an uniform distribution of the nanoparticles, SLP increases with increasing concentration for high diameters (17 nm) and decreases with increasing concentration for small diameters (7 nm). Please, refer to Figure 3 . There is a big difference between the SLP assessed with the approximated average τ eff and the corresponding SLP calculated with the actual average τ eff using τ N from Equation 20
( Figure 3) . The difference is more evident at high diameters of the nanoparticles. Moreover, we can see a strong influence of the orientation of the anisotropy axes. Please, note that the orientation of anisotropy axes affects the SLP. SLP is greater with random orientations than with parallel orientations for nanoparticles with small diameter (7 nm). The opposite occurs for high diameters of nanoparticles (17 nm). These effecs become larger when the concentration of nanoparticles increases. In clusters, SLP is lower with random orientations than with parallel orientations, for small as well as high diameters of nanoparticles ( Figure 4 ).
When simulating the SLP dependence on the nanoparticle size in a monodisperse system of uniformly distributed nanoparticles with constant particle-by-particle anisotropy, we found the presence of a maximum at the diameter of 17 nm (Figure 6 ) in the analytical calculation and at the diameter of 15 nm in the approximated calculation. We could see that this dependence is not influenced by assessing the τ N in case of small (<11 nm) and large radius (>19 nm). Note that this dependence is not influenced by the orientation of the axes of anisotropy. Calculation of SLP with numerical method, involving the analytical determination of τ N at oblique local magnetic field for 1000 nanoparticles, agrees with experimental data [25], for SLP measured for iron oxide (Table 1 and Table 2 ). Table 2 shows that the calculated SLP values determined by the common discrete orientation model are far from the measured results.
Conclusion
In this paper, we adapted the Coffey analytical model to local magnetic fields. Then we compared this model with a common discrete orientation model. We studied how the concentration of nanoparticles and the orientations of anisotropy axes of nanoparticles influence the interactions among nanoparticles, in terms of relaxation times and SLP, when dealing with obliquely oriented local magnetic fields. The dependence of the average Néel and effective relaxation times on the volume fraction shows that the Néel relaxation time assessed by analytical calculation is higher than the Néel relaxation time approximately calculated, at low concentrations of nanoparticles. This difference is also confirmed by the SLP. The difference between the analytical and approximated results increases with the concentration of nanoparticles. In both cases, the Néel and effective relaxation times decrease with increasing concentration. Moreover, the Néel and effective relaxation times are strongly affected by the size of nanoparticles, i.e., they strongly increase with increasing nanoparticle diameters.
In case of an uniform distribution of nanoparticles, SLP increases with the concentration of nanoparticles for high radius of nanoparticles. In case of nanoparticle assemblies, SLP decreases with increasing concentration of clustered nanoparticles, when the local concentration varies. All these calculations are influenced by the orientation of anisotropy axes. In such systems, the SLP dependence on the nanoparticle size revealed the presence of a maximum at the diameter of 17 nm with analytical model, and 15 nm with approximated model.
Calculation of SLP with numerical the method, involving the analytical determination of τ N at oblique local magnetic field for 1000 nanoparticles, agrees with experimental data.
This adapted model can be used for small interacting nanoparticles in the linear response regime (low applied magnetic field) under the condition of h i < 0. The model can be easily extended to coated nanoparticles and to systems of nanoparticles with size and anisotropy constant distributions. Our studies can contribute to a better understanding of the susceptibility loss process and its biomedical implications, aiming to choose a suitable model for controlling this process in order to improve the therapeutic results.
